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Abstract
The looseness of a triangular embedding of a complete graph in a closed surface is the minimum integer m such that for every
assignment of m colors to the vertices of the embedding (such that all m colors are used) there is a face incident with vertices of
three distinct colors. In this paper we show that for every p3 there is a nonorientable triangular embedding of a complete graph
with looseness at least p.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The looseness of a triangular embedding of a complete graph in a closed surface is the minimum integer m such that
for every assignment ofm colors to the vertices of the embedding (such that allm colors are used) there exists at least one
face incidentwith vertices of three distinct colors. Originally themotivation came from trying to show that two triangular
embeddings of a complete graph are nonisomorphic. In [1] pairs of nonorientable triangular embeddings of complete
graphswith looseness 3 and at least 4, respectively,were constructed thereby obtaining pairs of nonisomorphic triangular
embeddings and a question was raised whether there exists an orientable triangular embedding of a complete graph
with looseness at least 4. Strange as it may seem, the question remains open. Three orientable triangular embeddings
of K19 were investigated in [6] with the aim to show that they are nonisomorphic: all the embeddings were found to
have the same looseness 3, so the nonisomorphism of the embeddings had to be proved by direct computer checking.
The term looseness of a triangulation of a surface was introduced in [8,11] and it was conjectured ([9], Problem 6)
that there is an upper bound for the looseness of a triangular embedding of Kn such that the bound does not depend
on n.
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In the present paper to simplify the exposition we deﬁne the looseness of a triangular embedding in slightly different
way from that introduced in [8,11]: what we call the looseness p is the looseness p − 3 in [8,11]. In what follows, by
an embedding of a graph we always mean a cellular embedding of the graph.
The main result of the paper is the following theorem: For every integer p3, there is a nonorientable triangular
embedding of a complete graph with looseness greater than p.
A triangular embedding of Kn with looseness p4 has a “Kp−1-like” structure. It means that the embedding can
be obtained from p − 1 embeddings f1, f2, . . . , fp−1 of complete graphs Kn1 ,Kn2 , . . . , Knp−1 , respectively, (here
n1 + n2 + · · · + np−1 = n) in surfaces by attaching cylinders and then for every cylinder, triangulating the cylinder by
edges joining vertices lying on different boundaries of the cylinder.
Triangular embeddings of complete graphs are important because they are reasonable candidates for the most ﬂexible
embeddings on a given surface, and the result of the present paper shows that one way in which their ﬂexibility might
have been restricted does not occur.Moreover it isworth noting that the results on the looseness of triangular embeddings
of complete graphs resemble Sperner’s Lemma which is of importance in mathematics in general.
To prove the main result of the paper we use Steiner triple systems (STSs, for short). Usually, when speaking
about some connections between STSs and triangular embeddings of complete graphs, we consider a face 2-colorable
triangular embedding and then an STS is associated with triangular faces of the embedding having the same color.
Such constructions of triangular embeddings of complete graphs using STSs were systematically initiated in [4]. In the
present paper we use STSs in another way. We construct a nonorientable triangular embedding of a complete graph
with looseness at least p in which an STS determines how to combine together some auxiliary embeddings to produce
the triangular embedding.
2. The main result
In this section we ﬁrst examine some structural information about a triangular embedding of a complete graph which
can be obtained from a vertex coloring of the embedding. Then we introduce some auxiliary embeddings and prove
the main result of the paper.
Let f be a triangular embedding of Kn in a closed surface and let there exist an assignment of q3 colors
c1, c2. . . . , cq to the vertices of the embedding such that no faces are incident with vertices of three distinct col-
ors. We will show that the embedding has a “Kq -like” structure: there are embeddings f1, f2, . . . , fq of complete
graphs Kn1 ,Kn2 , . . . , Knq , respectively, (here n1 + n2 + · · · + nq = n) in surfaces such that we can obtain f in the
following way. For any two different i, j ∈ {1, 2, . . . , q}, we take some nonzero number of cylinders, they are called
(i, j)-cylinders, and for each of the cylinders we identify one boundary (resp. the other boundary) of the cylinder with
a boundary of a face of fi (resp. of fj ), and in doing so we delete the interior of the face. Then we triangulate every
such cylinder by edges each of which joins a vertex lying on one boundary with a vertex lying on the other boundary
of the cylinder. The embeddings f1, f2, . . . , fq are not generally triangular.
These complete graphs Kni , embeddings fi and cylinders are determined as follows. For every i = 1, 2, . . . , q, if
Vi is the set of vertices of color ci , |Vi | = ni , then Kni is the complete graph induced by Vi . For any two different
i, j ∈ {1, 2, . . . , q}, the (i, j)-cylinders are obtained in the following way. By an (i, j)-edge (resp. (i, j)-face) of f
we mean an edge (resp. face) incident with vertices of colors ci and cj . Every (i, j)-face is incident with exactly two
(i, j)-edges. Every (i, j)-face is adjacent to exactly two other (i, j)-faces. Hence, if we start with an (i, j)-face F1 and
construct a cyclic sequence (F1, F2, . . . , Ft ), t2, of (i, j)-faces, where Fk and Fk+1 have a common (i, j)-edge for
k = 1, 2, . . . , t (Ft+1 = F1) then the faces form an (i, j)-cylinder. One boundary of the (i, j)-cylinder has all vertices
colored ci (a 2-cell with this boundary is said to be the (i)-cell corresponding to the (i, j)-cylinder), and the other
boundary has all its vertices colored cj . The face set of fi consists of all faces of f incident with vertices of Vi only
and of all (i)-cells corresponding to (i, j)-cylinders. It is easy to see that in fi , every edge of Kni appears exactly twice
as an edge of a face and that every vertex of Kni has in fi a neighborhood homeomorphic to the interior of the unit
disc. Hencefi is an embedding of Kni in a surface (not a pseudosurface).
It is of interest to note that for each color c ∈ {c1, c2, . . . , cq}, there are at least q vertices colored c. Indeed, let
y1, y2, . . . , yn−1 (1)
be a boundary cycle of the disc formed by all triangular faces incident with a vertex x of color c. If the vertices
x, yh, yh+t have distinct colors, then among the vertices yh+1, yh+2, . . . , yh+t−1 there exists at least one vertex of color
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c (otherwise there is a face incident with vertices of three distinct colors). Since the cycle (1) contains vertices of all
q − 1 colors different from c, it follows that the cycle contains at least q − 1 vertices of color c. As a consequence, we
have nq2.
A Steiner triple system of order m, brieﬂy STS(m), is an ordered pair (V ,B) where V is an m-element set (the
points) andB is a set of 3-element subsets of V (the triples), such that every 2-element subset of V appears in precisely
one triple. It is well known that a necessary and sufﬁcient condition for the existence of an STS(m) is that m ≡ 1 or
3mod 6, such values of m are called admissible.
The concept of strict coloring of hypergraphs was applied to STSs in [7]. A strict k-coloring (k-coloring, for short),
k1, of an STS is a coloring of the points of the STS in such a way that:
(1) Every triple has at least two points of the same color.
(2) The number of used colors is exactly k.
(3) All points are colored.
We will need the following lemma.
Lemma 1. For any integer q3 and for every admissible m2q − 1, there is a q-colorable STS(m).
Proof. It was shown in [7] that for any integer n3, there is an n-colorable STS(2n − 1). This STS is obtained by
a sequence of n − 2 “doubling plus one” constructions starting from STS(3). If m2q − 1, take m′ = 2q−1 − 1, so
that m2m′ + 1. There is a (q − 1)-colored STS(m′). By the Doyen–Wilson Theorem [2], there exists an STS(m)
containing the (q − 1)-colored STS(m′) as a proper subdesign. By coloring all the new points of this STS(m) with a
new color, we obtain a q-colored STS(m). 
We will construct a triangular embedding of a complete graph using some auxiliary embeddings.
A hamiltonian embedding of Km is an m-gonal embedding of the graph such that every face is incident with all m
vertices of the graph. It was shown in [3] that a nonorientable hamiltonian embedding of Km exists for m = 4 and for
every m6.
Consider a 3(6t + 1)-vertex graph which is obtained by taking three disjoint (6t + 1)-cycles C(1), C(2), and C(3),
and adding an edge between every pair of vertices from distinct (6t + 1)-cycles. By a (6t + 1)-fork we mean a cellular
embedding of the graph such that there are three (6t +1)-gonal faces with boundaries C(1), C(2), and C(3), respectively,
and all other faces are triangular. It is easy to check that a (6t + 1)-fork is an embedding in a surface of odd Euler
characteristic, hence the embedding is nonorientable. We will show in Section 3 that a (6t + 1)-fork exists for every
t1.
Theorem 1. For any integer p3 and for every integer t such that 12t + 12p−1 − 1, there is a nonorientable
triangular embedding of K(6t+1)(12t+1) with looseness at least p.
Fig. 1. Attaching a (6t + 1)-fork.
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Proof. Let 12t + 12p−1 − 1. Then, by Lemma 1, there is a (p − 1)-colorable STS(12t + 1) (V ,B) where V =
{1, 2, . . . , 12t + 1}.
Consider 12t +1 disjoint copies Qi , i =1, 2, . . . , 12t +1 of a nonorientable hamiltonian embedding of K6t+1. Note
that the number 6t of the faces of Qi is the number of triples of B containing i. For every triple  = {a, b, c} ∈ B,
choose a face of Qi , i = a, b, c, such that for j = 1, 2, . . . , 12t + 1, the faces F (j)′ and F (j)′′ are distinct for distinct ′
and ′′.
Now, for every triple  = {a, b, c} ∈ B, take a (6t + 1)-fork Y with (6t + 1)-gonal faces F(a), F(b), F(c), and
then for i = a, b, c delete the interior of the face F(i) of the fork and of the face F (i) of Qi , and then identify the
boundary cycles of the two faces (see Fig. 1). This yields a nonorientable triangular embedding  of K(12s+7)(6s+7).
For a given (p − 1)-coloring of B and for every i ∈ V , we assign the color of the point i of V to all vertices of Qi .
This gives a coloring of the vertices of  with p − 1 colors such that every face of  is incident with vertices of at most
two distinct colors. Hence,  has looseness at least p. 
3. Constructing a (6t + 1)-fork
We assume that the reader is familiar with index one current graphs (cascades), derived graphs and their embeddings
generated by cascades. The reader is referred to [5,10] for more detailed development of the material sketched herein.
A (6t + 1)-fork is generated by a cascade with current group Z18t+3, t1, shown in Fig. 2. The arithmetic is
performed in the ring Z18t+3.
The cascade is depicted in the ﬁgure as a digraph with the rotations of the vertices being indicated. The black vertices
denote clockwise rotation and the white vertices counterclockwise rotation. The arcs are of two types: broken and
unbroken. The following properties (P1)–(P3) hold:
(P1) The digraph has exactly 6t+2 arcs and an element from each of the 6t+2 pairs {1, 18t+2}, {2, 18t+1}, {4, 18t−
1}, {5, 18t − 2}, . . . , {9t − 2, 9t + 5}, {9t − 1, 9t + 4}, {9t + 1, 9t + 2}, and {6t, 12t + 3} of inverse currents
appears as the current on some arc.
(P2) Each vertex is trivalent or onevalent. At every trivalent vertex, Kirchhoff’s Current Law holds: the sum of currents
on the arcs directed into the vertex equals the sum of currents on the arcs directed out of the vertex. There is
exactly one onevalent vertex. The current on the arc incident with the onevalent vertex is −6t and has order 6t +1
(the greatest common divisor of 18t + 3 and −6t is 3).
(P3) The rotations and the arc types yield, up to reversal, exactly one circuit.
The cascade generates the derived embedding of the derived graph. The vertex set of the derived graph is the set
{0, 1, . . . , 18t + 2} of all elements of Z18t+3. The face set of the derived embedding consists of the faces induced by
the vertices of the cascade. The faces induced by a vertex of the cascade are determined by Theorem 4.4.1 of [5], which
extends to the nonorientable case as well. The onevalent vertex induces three (6t +1)-gonal faces with boundary vertex
cycles (x, x − 6t, x − 12t, . . . , x − 6t · 6t), x = 0, 1, 2, respectively, such that each of the vertices of the derived graph
is incident with exactly one of the faces. All other faces of the derived embedding are triangular. The edge set of the
Fig. 2. A cascade generating a (6t + 1)-fork.
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derived graph consists of the edges incident with the three (6t + 1)-gonal faces and of all edges (x, x + ) for all x and
all  /≡ 0mod 3. Since vertices x and y are incident with the same (6t + 1)-gonal face if and only if x ≡ y mod 3, it
follows that the cascade generates a (6t + 1)-fork.
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